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Abstract 

We study worldsheet conformal invariance for bosonic string propagating in a curved 
background using the hamiltonian formalism. In order to formulate the problem in a 
background independent manner we first rewrite the worldsheet theory in a language 
where it describes a single particle moving in an infinite-dimensional curved spacetime. 
This language is developed at a formal level without regularizing the infinite-dimensional 
traces. Then we adopt De Witt's (Phys. Rev. 85:653-661, 1952) coordinate independent for- 
mulation of quantum mechanics in the present context. Given the expressions for the 
classical Virasoro generators, this procedure enables us to define the coordinate invariant 
quantum analogues which we call DeWitt- Virasoro generators. This framework also en- 
ables us to calculate the invariant matrix elements of an arbitrary operator constructed 
out of the DeWitt- Virasoro generators between two arbitrary scalar states. Using these 
tools we further calculate the DeWitt- Virasoro algebra in spin-zero representation. The 
result is given by the Witt algebra with additional anomalous terms that vanish for Ricci- 
fiat backgrounds. Further analysis need to be performed in order to precisely relate this 
with the beta function computation of Friedan and others. Finally, we explain how this 
analysis improves the understanding of showing conformal invariance for certain pp-wave 
that has been recently discussed using hamiltonian framework. 
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1 Introduction and summary 

Equations of motion (EOM) for backgrounds in string theory are derived from the con- 
dition of worldsheet conformal invariancj^]. Although this condition has mostly been 
studied by computing the beta functions of the nonlinear sigma model using background 
field method [1], a BRST hamiltonian approach has also been discussed in the literature 
[3 El m Uni HI ini US] (See also m]). An important issue in the latter is to find out how 
to define the constraint generators at the quantum level. This problem has been dealt 
with by considering a weak field approximation near flat space and/or using worldsheet 
supersymmetry. 

Recently a similar method has been used [151 UHl [13 [IE] to study exact conformal 
invariance of the worldsheet theory in type IIB R-R plane-wave background [19] using 
Green-Schwarz formalism in semi-light-cone gauge [20]. In this case neither we are close 
to flat space nor do we have worldsheet supersymmetry. However, knowing the exact 
string spectrum through light-cone gauge analysis [21] and some special properties of the 
background help us to flx the quantum deflnition of the energy- momentum (EM) tensoi^. 



^Some of the original references are [H El |3l IH O [6] . 

^Authors in [15] argued with certain analysis that the relevant worldsheet theory should not have a 
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The next issue is to understand how to compute Virasoro anomaly. One may naively 
think that such anomaly terms can be computed by directly calculating the commuta- 
tors among the right and left moving EM tensor components using the basic canonical 
commutation relations. However, it was shown in [IT] that this direct method leads to 
results that suffer from operator ordering ambiguity. It did not seem to be an issue in 
the earlier works as all the composite operators were ordered according to the normal 
ordering relevant to flat space. However, in our case the exact vacuum is not close to the 
fiat space vacuum and it is a priori not clear which ordering needs to be considered. A 
supersymmetry argument has been used in p3] to compute certain integrated forms of the 
anomaly terms indirectly. Such analysis works because there are certain relations among 
the supercurrents and the EM tensor components which hold true in the non-perturbative 
vacuum and are enough to establish Virasoro algebralf . However, the method itself works 
only for on-shell backgrounds which are supersymmetric. 

Given the above discussion one may wonder if there exists a notion of Virasoro algebra 
in the quantum theory which can be discussed in a vacuum independent way. This ques- 
tion seems natural in the context of a background independent formulation as a vacuum 
state has information about a particular background. In ordinary quantum mechanics this 
question is not any special as one can indeed define all the operators of the theory before 
solving for the energy eigenstates. The difference is that here we have infinite number of 
degrees of freedom and if we sum all their contributions naively we get divergences. In 
this work we will still try to formulate the problem in a background independent manner 
in the sense described above by going to a particle-like description. We will find certain 
interesting result and it will be interesting to explore further along this direction. Below 
we describe our construction and result in more detail and explain why the particle-like 
description is well-suited for our purpose. 

At the classical level the new description is obtained by re-writing the worldsheet the- 
ory in a language where it describes a particle moving in an infinite-dimensional curved 



smooth flat space limit and suggested that the complete EM tensor be defined with an unusual operator 
ordering, called phase-space normal ordering (similar ordering was considered earlier in the literature in 
(13j). However, it was pointed out in 16 using the universality argument of [22] that such a limit should 
be smooth generically for any pp-wave and the definition of }15j leads to a spectrum of negative conformal 
dimensions. An alternative definition was suggested in |17j where such an ordering is applied only to the 
interaction part. It was argued that this definition leads to the correct physical spectrum. 

■^This is analogous to the case of NSR superstrings where one uses superconformal algebra. See for 
example [lO] . 
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spacetime (subject to certain potential). This way the infinite number of degrees of free- 
dom of the string is given an interpretation of number of spacetime dimensions. We will 
define the background independent version of the quantum Virasoro generators in this new 
language. In general the expressions will have divergent terms. However, all such diver- 
gences will appear as infinite-dimensional traces and therefore will be formally tractable. 
A suitable regularization procedure needs to be developed to cure such divergences. We 
will leave this for future work. 

To describe the quantum mechanics in a manifestly covariant manner we follow the ar- 
gument of DeWitt in [24] (see also [25l[26])0 and the particle-like description will provide a 
natural framework to adopt this idea. In [24] DeWitt identified general coordinate trans- 
formations (GCT) with a subgroup of all unitary transformations in quantum mechanics. 
The method shows how to construct the quantum analogs of dynamical quantities in 
terms of the general phase-space coordinates such that the expectation values of such op- 
erators between two arbitrary states are given by covariant expressions in position space 
representation. 

There are a few generalizations involved in our work from DeWitt 's original work. The 
analysis of [21] considered a non-relativistic particle so that the general covariance was 
sought only for the spatial slice. In our case we adopt the infinite-dimensional language for 
the matter part of the worldsheet theory in conformal gauge. The resulting particle-like 
theory looks like a worldline theory with full covariance in spacetime. A more important 
difference is having infinite number of Virasoro generators instead of only the hamiltonian 
as in DeWitt 's case. Because of the presence of infinite number of dimensions the theory 
possesses certain shift properties which look unusual from the particle point of view. 
These properties dictate the behavior of the theory under certain shift of the spacetime 
dimensions, i.e. the string modes. Since Virasoro generators relate different string modes, 
such shift properties are inherently related to the existence of these generators. 

The quantum generators defined in the sense of DeWitt, hereafter called DeWitt- 
Virasoro generators, are ordered in a particular way and are designed to produce covariant 
results in spin-zero representation. Given this background independent definition, we next 
proceed to compute the algebra, hereafter called DeWitt- Virasoro algebra, satisfied by 
these generators in spin- zero representation. The result is given by the Witt algebra with 
additional anomalous terms that vanish for Ricci-fiat backgrounds. Notice that the central 

^De Witt's formulation was applied to string theory earlier by Lawrence and Martinec in [27] , 
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charge terms of the Virasoro algebra do not appear in this result. Being constructed in 
a background independent way, the De Witt- Virasoro generators are not normal ordered 
with respect to any particular vacuum. It is expected that the actual quantum Virasoro 
generators for a specific conformal background can be obtained by first specializing to 
that background and then normal ordering the De Witt- Virasoro generators with respect 
to the relevant vacuum. The central charge terms are expected to arise in the algebra of 
such quantum Virasoro generators. This procedure is understood for flat and the pp-wave 
background discussed in [T7J. Understanding of this in a generic sense is an important 
question for our construction. 

Finally, as an application of the present background independent framework, we dis- 
cuss how it explains conformal invariance for the pp-wave considered in [151 [IS [U] • As 
mentioned earlier, the anomaly terms were shown in [17] to suffer from operator ordering 
ambiguity. If these terms are ordered according to the phase-space normal ordering then 
the correct EOM is reproduced. However, the justiflcation of such ordering prescription 
was not clear. Here we argue that the computation of [T7| can be viewed as a special case 
of our present analysis. Therefore the anomaly terms computed in that work are same 
as the DeWitt- Virasoro anomaly terms discussed here. Our present result suggests that 
the terms computed in [17] should vanish. However, this also implies that the Ricci-term 
found here, which gives the EOM for the background, was missing in the computation 
of [IT]. This apparent discrepancy may be resolved by the following observation. The 
Ricci-term that we obtain here involves certain contractions with the Ricci tensor. The 
whole term vanishes, though the Ricci tensor itself does not, for the relevant pp-wave 
because of its special properties. 

Given the above results, there are a number of technical issues which deserve further 
attention. For example, in our computation the Ricci-flatness condition comes from terms 
that arise only in the left-right commutation relations. From the present analysis it is not 
clear why this is so. A better understanding of this with the inclusion of other massless 
fields in the background is desirable. In particular, it will be interesting to investigate 
if the DeWitt- Virasoro anomaly terms contain the infinite-dimensional analogue of the 
low energy EOM for the massless fields as obtained in the beta function computation. 
Superstring extension of this result will also be interesting to find using pure spinor 
formalism [28]. It should also be investigated how the present analysis may be extended 
to higher spin representations. The main conceptual issue involved in our work is to 
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understand how to interpret the current framework in more conventional terms. For 
example, how the Ricci-flatness condition found here should be related to the usual beta 
function computation of Friedan [1]. We hope to come back to these questions in future. 

The rest of the paper is organized as follows. The infinite-dimensional language is 
explained in sec|2i The construction of the DeWitt-Virasoro generators has been discussed 
in secjni We summarize the results for the DeWitt-Virasoro algebra in secJH We discuss 
the flat and the pp-wave backgrounds as special cases of the present construction in secjSl 
Some of the technical derivations are presented in a few appendices. 



2 Mapping to infinite dimensions 

We consider a bosonic closed string propagating in a D dimensional curved background, 
hereafter called the physical spacetime, with metric G^y. We work in the conformal gauge 
of the worldsheet theory so that the ghosts are given by the standard (fe, c) systems. For 
the purpose of the present work we will be concerned only with the matter part of the 
theory. The relevant classical lagrangian is given by, 

L = \j^G,y{X{a))[x>^{a)X\a)-dX>^{a)dX^{a)] , (2.1) 

where § = /q^'^, = 0, 1, ■ ■ ■ , D— 1. A dot and a d denote derivatives with respect to world- 
sheet time-coordinate r and space-coordinate a respectively. We recast this lagrangian in 
a form that describes a single particle moving in an infinite-dimensional curved spacetime 
subject to certain potential, 

L(x,x) = -gij{x) x^x^ — a^{x)a^ (x) , (2.2) 

where are the general coordinates of the infinite-dimensional spacetime. The index i is 
given by an ordered pair of indices, 

i = {fx,m} , (2.3) 
where m E Z is the string-mode-number such that 

= ct> — X^(a)e- 
2% 



^Throughout the paper we will make the following type of index identifications: i — {/i, m}, j — {v, n}, 
k = {K,q}. 
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a\x) = I — aX^((T)e-*™" . (2.4) 

As mentioned in the previous section, we will mainly work using the infinite- dimensional 
language. Below we discuss certain properties of this language that will be relevant for 
our study. 

1. We have claimed that the worldsheet theory (12. ip has an interpretation to be gen- 
erally covariant in the infinite-dimensional sense. To see this explicitly let us con- 
sider a GCT in the physical spacetime: X''^(X) with transition function 
A^^(X) = and its inverse A^{X) = This induces a GCT in the infinite- 

dx- 



dimensional spacetime: — x'* such that the Jacobian matrix A*^(x) = and 
its inverse Wx) = are given by, 



A^(x) = / ^ A'^,(X(a))e^(--)- , \,\x) = A/(X(a))e^(-")'^ . (2.5) 

One can then show (see appendix |A|) that gij{x) and a*(x) transform as tensors, 

g[^ix') = \\x)\^\x)g,k'{x) , a'\x') = \'^{x)a^{x) . (2.6) 

2. Using the map in (12. 4p one can relate any field in the infinite-dimensional spacetime 
constructed out of the metric, its inverse, a*(x) and their derivatives to a non-local 
worldsheet operator. A class of examples, which will prove to be useful for us, is 
given by a multi-indexed object u^^^j'^''.{x) constructed out of the metric, its inverse, 
their derivatives and a*(x) (but not its derivatives) such that Ui^^j^^^\{x) can not be 
factored into pieces which are not contracted with each other. In this case one 
can construct a local worldsheet operator U'^l^^'.'.'XX^a)) simply by performing the 
following replacements in the expression of Ui^^j-^^^.i^x): 

g^J{x) ^ G,,{X{a)) , g'^ix) ^ G"'^(X(a)) , d, ^ , a\x) ^ dX^^ia) .(2.7) 

The two objects u^fjl- 'X^) ^/I'z^a -- ("^(^)) related to each other by the fol- 
lowing general rule (see appendix lAl) : 

v^::.ix) ~ [2nSiO)f j ^ f/m^'l■■■(x(a))e*(™^ , (2.8) 
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where is the number of traces in u and the argument of the Dirac delta function 
5(0) appearing on the right hand side is the worldsheet space direction: 

(5(0) = hm 5{a - a') = \im — V e*"^"-"') . (2.9) 

CT-i-cr' CT-i-CT' 27r ~%, 

The way one gets N factors of 5(0) on the right hand side is as follows: Each infinite- 
dimensional trace breaks up into a trace in the physical spacetime which appears in 
the expression of U, and a sum over all the string modes which gives rise to a factor 
of ^ 1 = 27r5(0). We relate the two sides of (12. 8p by the symbol ~ to indicate that 

such a manipulation is understood only at a formal level. The relation ( 12. Sp implies 
that u enjoys the same tensorial properties in the infinite-dimensional spacetime 
as U does in the physical spacetime (provided gij and a* have the right tensorial 
property, which is indeed the case as we have already discussed). 

3. In the infinite-dimensional language the problem at hand possesses certain shift 
properties which can be written as: 

dj+ia''+\x) = dja\x) + i{l)6^ , (2.10) 

where the factor of i in the second term of the last equation is the imaginary number. 
Given the spacetime index i as in footnote [5l we have defined (i) = m. A shift in 



the infinite-dimensional index is defined to he i + j = {/x, m + ?7,}|j. It is now obvious 
that the first relation of (12.101) is a direct consequence of (12. 8p . The second relation 
can be obtained from the following one: 

d,a' = z{j)6^ . (2.11) 

The easiest way to get this is to notice that the definitions in (12. 4p imply that the 
infinite dimensional model in (12. 2p corresponds to the string worldsheet theory only 
for the linear profile a'^(x) = {k)x^ . Alternatively, one can directly calculate the left 
hand side of (12. lip using the third equation in (12. 4p and eq. flA.54p . The result is 
given by in6n,qS^ = 



^Notice that we choose the physical spacetime index corresponding to i + j by the one associated with 
the first index (i.e. i) appearing in the shift. We will follow this convention in all our expressions. 
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3 DeWitt-Virasoro generators 



The goal of this section is to arrive at the background independent version of the quantum 
Virasoro generators. We will start with the standard expressions for the classical EM 
tensor and write the classical Virasoro generators in the infinite-dimensional language. 
Then after quantizing the system we will use DeWitt's argument to define the quantum 
De Witt- Virasoro generators. 

The right and left moving components of the classical EM tensor are given by, 

Ua) = - {K{a) - Z{a) + V{a)) = ^n^e^ , 

fia) = - {K{a) + Z{a) + V{a)) = ^.ne— , (3.12) 

respectively, where, 

Kia) = G^''{X{a))P^{a)P,{a) = ^ Kmc''^'' , 

V{a) = G^,{X{a))dX'^{a)dX''{a) = ^ Vmc'"''' . (3.13) 

The conjugate momentum is given by: = Gf^,y{X)X'' . It is related to the momentum 
in the infinite-dimensional language, i.e. Pi = gij{x)x^ according to the same rule in 
(12. 8p . The classical Virasoro generators Lm and can now be expressed in terms of the 
Fourier modes Km, Zm and Vm, which can, in turn, be expressed in the infinite-dimensional 
language. The results are as follows: 

4L(,) = - Z(i) + , 4L(i) = K@ + %) + V(j) , (3.14) 

where we have defined i = {/i, — m} and, 

= g''+%x)pkPi , % = 2a''+\x)pk , V(^^) = gM{x)a''{x)a'^\x) . (3.15) 

Notice that a Virasoro generator is a scalar, but has a string mode index (z) = m which, in 
the infinite-dimensional language, appears to be a shift of the spacetime index, as evident 
from eqs. (l3.15p . 

Poisson brackets of the generators in (13.141) should satisfy the classical Virasoro alge- 
bra. Notice that since GCT is a canonical transformation which preserves the Poisson 
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brackets, it should be possible to write such brackets in a manifestly covariant manner. 
We have derived these brackets in the infinite-dimensional language in appendix El 
We now quantize the system: 

[x\pj\ = ia'S] . (3.16) 

We work in the Schrodinger picture so that the operators do not have explicit r depen- 
dence. The idea is to keep the general covariance manifest in the quantum theory. GCT 
of any operator independent of momenta does not suffer from any ordering ambiguity and 
therefore straightforward to compute. Transformation of the momentum operator, which 
preserves the canonical commutation relations, is taken to be [211 [251 126] : 

This defines GCT of an arbitrary operator constructed out of the phase-space variables. 

Let us now introduce the position eigenbasis \x). The orthonormality and completeness 
conditions read: 

{x\x') = 6{x, x') = g^^^'^{x)6{x — x') , / dw \x) {x\ = 1 , (3.18) 



where S{x — x') is the Dirac delta function, dw = dxg^^'^{x) and g{x) = \ det gij{x)\. The 
position space representation of the momentum operator is given by [24j, 

{x\pi\x') = -ia \di + ^7i(2;)l 5{x,x') , (3.19) 



Ij = l]i ' l]k = 7^9'^ idj9ik + dkgij - digjk) ■ (3.21) 



2 

where 7, are the contracted Christoffel symbolJll, 

_ 1 

Using 7*(a;) = Ji{x) and d.j.iS{x, x') = —{d^n +7j(x))5(a;, x') (see [21]) it is straightforward 
to check that the position space representation in (I3.19P is compatible with the following 
hermiticity properties: 

(a;Ot = xS {Pi)^=Pi. (3.22) 



^Notice that 7^ has a trace and therefore is divergent: 



7.(x) ^ 2nS{0) j ^ r^(X(a))e"'- , (3.20) 
where the expression for T ^{X) can be read out from p.2ip using the replacement (12.71) . 
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To construct the DeWitt-Virasoro generators we first define following |26] : 

= Pj + ^7i(2^) , = Pj - ^7i(2^) • (3.23) 

Using (13.171) it is easy to show that these objects are transformed by left and right mul- 
tiplications respectively under GCT: 

TT, ^ TT,; = A/'(x)7r, , TT* ^ 7l'* = 7T* X/ (x) , (3.24) 

The quantum definition of the operators in eqs. (l3.15l) are given by, 



Vii) = gui{x)a\x)a'+\x) (3.25) 

where, 

= r,a'^\x) , i« = a'+\x)n,. (3.26) 

Given the transformation properties in (13.241) . it is clear that all the operators in (13.251) and 
(13.261) are invariant under GCT and have the right classical limit. The left-right symmetric 
combination for considered in (I3.25P gives the right hermiticity property for the 
DeWitt-Virasoro generators. These operators give covariant results in the following sense. 
Consider the matrix element of an arbitrary operator constructed out of these generators 
between any two scalar states. The result written in position space representation is 
manifestly covariant. 

4 DeWitt-Virasoro algebra 

Here we will calculate the algebra satisfied by the DeWitt-Virasoro generators L(j) and L(j) 
defined through eqs. (l3.14l 13.251 [3l26l) . As mentioned earlier, for a generic background the 
current framework allows us to calculate this algebra only in the spin- zero representation. 
We have given the details of the necessary computation in appendix O The final results, 
written in the infinite-dimensional language, are as follows, 

(xl <; [iw, ^0-)] = - Jh'h^3) + 4)0-) ' ' 1^) ' (4.27) 
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where \x) and are two arbitrary scalar states (r-dependent). The above result is the 
Witt algebra (without the central charge terms) with additional anomalous terms given 
by, 

Am = , 

4)0-) = ^ {r'^'niix)a'^Hx) - a'=+*(x)rH(x)7r'+^^) , (4.28) 

where rij{x) is the Ricci tensor in the infinite-dimensional spacetime which, according to 
the general map (12. 8p . is related to the same in physical spacetime, namely R^i,{X) in the 
following way, 

da 



2n6{0) j ^ i?,,,(X(a))e^('"+")- . (4.29) 



We will now make comments on not having the central charge terms in (14.271) . We have 
mentioned before that the DeWitt-Virasoro generators are background independent and 
therefore are different from the quantum Virasoro generators at a particular conformal 
background. Similarly, the algebra in (14.271 I4.28P is not expected to be same as the 
quantum Virasoro algebra that occurs at the conformal point. The generic procedure of 
obtaining the quantum Virasoro generators and algebra at an arbitrary conformal point 
starting from the present construction is not understood in this work. This, however, 
is understood for fiat space and the pp-wave background considered in [T7] as discussed 
below. 



5 Flat and pp-wave backgrounds as special cases 

Here we will discuss how we can understand the fiat and the off-shell pp-wave background 
considered in [161 IE] as special cases of the present construction. In particular, we will 
explain how the central charge terms arise in the Virasoro algebra and how our background 
independent construction explains the problem of computing Virasoro anomaly for the 
pp-wave as addressed in [17]. We will discuss the flat and the pp-wave cases separately 
below in subsections (15. ip and (15. 2 p respectively. Before that we make some comments 
based on general grounds. 

For both the backgrounds the EM tensor does not involve any non-trivial ordering 
between flelds and conjugate momenta in the chosen coordinate system. This implies 
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that DeWitt's generally covariant formulation is, in principle, not needeqj. Another way 
of seeing this is that in both the cases we have, 

7fc(x) = , g{x) = 1 . (5.30) 

This indicates that any operator calculation done using the canonical commutators with- 
out worrying about manifest general covariance should be reliable. This justifies recog- 
nizing the computation done in [151 IISI [H] ^ special case of the present analysis as will 
be done below. It also turns out as a consequence of fl5.3Up that the algebra in f l4.27p can 
be considered as operator equations. 

5.1 Flat background 

In this case the DeWitt-Virasoro generators are given, in the usual worldsheet language, 
as follows, 

~ nVlJ-f 5Z nm-nfl^ , L^^ = —Tj^i, ^ n^_„n^ , (5.31) 

where the superscript (0) refers to flat background and. 



^—ima 



= -^y-(r/^^F.(a) + aX^(o-))e— , (5.32) 
are the usual creation-annihilation operators, 

[n^:,, n:;] = v^'c^'Sm+nfi , [nl nj = v^^a'Sm+nA ■ (5.33) 

The DeWitt-Virasoro generators differ from the actual quantum Virasoro generators C!^^ 
and £^ by additive c-numbers, 

^rn ^rn ~^ ^rn i Lm ~^ i (5.34) 



where, 



'^(0) 1 u 1 

~ nV/J-i^ 5Z ■ n^-nn^ • ) ~ nVfJ-f ' ^m-rfln '■ > (5.35) 



^However, we will see in subsection (|5.2p that understanding the pp-wave case as a special case of the 
background independent formulation helps us resolve certain puzzles. 
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and Cm = Cm is non-zero only when m = 0, in which case it is a divergent constant. The 
normal ordering :: used in the above equations which matter only for the Virasoro zero 
modes is defined as the oscillator normal ordering with respect to the vacuum |0) defined 
by, 

1 

^ |0) = , Vm > . (5.36) 

It is easy to check using fl5.33p that the generators in (I5.3ip satisfy, 

[L(^),LW] = {m-n)a'Lt\n. 

i(0) i(0) i(0) 
[Lm ^K] = ^m+n > 

[Lt\Ll\ = 0, (5.37) 

which is simply the DeWitt- Virasoro algebra in fl4.27p for fiat background. However, 
the same method of computation applied to [C^^ , gives a result that has operator 
ordering ambiguity. The result is 2'ma' c!§^ up to an additive c-number contribution that 
can not be calculated using this method because of the ambiguity. As indicated in |23j . 
this c-number contribution, which turns out to be the central charge term, can be found 
unambiguously by calculating, for example, (0|£^^£^^|0) with m > 0, 

= (m - n)a'£^^„ + - 'm)a''^Sm+n,o , 

{^^^\^^n] = 0. (5.38) 

5.2 Explaining conformal invariance for pp-wave 

In [17] we considered a restricted ansatz for an off-shell pp-wave in type IIB string theory 
which includes the R-R plane-wave background. The R-R flux part of the background 
involves the Green-Schwarz fermions on the worldsheet. We will ignore this fermionic part 
and consider only the bosonic part of the computation which corresponds to switching on a 
metric-background where the non-trivial components of the metric (in physical spacetime) 
are given by, 

G+- = l , G++ = K{X) , Gjj = 5ij , (5.39) 
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where the vector sign refers to the transverse part with index /. The only non-trivial 
component of the Ricci-tensor is, 

oc . (5.40) 

The worldsheet theory is expected to be an exact CFT when vanishes [29]. We call 
the background in ( 15. 39^ simply as pp-wav^. 

It was argued in [17J that the operator anomaly terms of the Virasoro algebra suffer 
from an ordering ambiguity and therefore proving conformal invariance was not completely 
settled. We argued below eqs. ( 15.30]) why it should be possible to consider this computation 
as a special case of the present background independent formulation. Here we would like 
to show how doing this explains the conformal invariance in the present case resolving 
the ambiguous situation in the previous work. 

The first step is to relate the DeWitt- Virasoro generators specialized to the present 
background with the quantum Virasoro generators defined in [17]. Given the latter, this 
relation is precisely the same as that in (I5.34p . 

^PV "-PP 

■^m ~ '^rn i = + Cm , (5-42) 

where the superscript pp refers to the pp-wave being considered. According to the cal- 

^pp 

culations of the present work the algebra satisfied by and is given by ( 14.271) 
evaluated for the pp-wave. Following the same procedure as in fiat-case, which took us 
from eqs. (l5.37p to eqs. (l5.38p . one finds the following quantum Virasoro algebra in the 
present case, 

ClPP "_PP "_PP D n 

[^m :^n] = ("^ - n)a'C^^^ ^12^'^ -m)a' 6m+n,0 + A^n ' 
"-PP 

[C^, £„ ] = Aran , (5.43) 

where the operator anomaly terms y4^„ = A^)(j), Mnn = ^"^^ ^'"^ ~ ^(«)0) 

given by eqs. (14.281) evaluated for the pp-wave. 



^The particular solution of R++ = given by, 

K = ^siX^X^, ^s^^O, (5.41) 



is called plane-wave. 
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^W(i) - / 27r 27r ^''^'■^^ ' ^ 

iL _ f da da , f\ imcr+incr' 



We will now compare the result in f l5.43p found in this work with the one in [T7]. The 
computation of [IT] was done using the local worldsheet language. The result is precisely 
the local version of ( 15.43^ with the local operator anomaly terms given by, 

oc \d{a, a')P^{a')P^{a') - d{a' , (T)P_(a)P_(a)] 5,{a - a') 

d{a, a')dX+{a')dX+{a') - d{a\ a)dX+{a)dX+{a)\ 5,{a - a') , (5.44) 

where the above three anomaly terms are defined in eqs.(3.20) of [17j and 

0(a, a') = Pi{a)diK{X{a')) + diK{X{a'))Pi{a) . (5.45) 

Therefore comparing (15.431) with the corresponding result in [TTj we are able to relate the 
operator anomaly terms in fl5.43p and in (15.441) . 

da da' 
27r 27^ 

4)0, = /^^i,i,„(<T,<T')e-™+-' . (5.46) 

It was explained in [T7] that the expression in (I5.44p suffers from an operator ordering 
ambiguity. The idea here is to resolve this ambiguity by borrowing the results found 
here. Therefore, using eqs. (15.46]) and (I4.28P one concludes that both A^^^^{a, a') and 
yl^g^g(cr, 0"') should vanish. Moreover, comparing the equations in (I4.28p . (I5.44p and 
(I5.46P one concludes that the Ricci-term obtained in the present analysis was missing 
earlier. As we will show below, this is an apparent discrepancy which may be resolved by 
showing that the relevant term vanishes, though the Ricci tensor itself does not, for the 
pp-wave under consideration because of certain special properties of the backgrounc0. 

The non-trivial components of the infinite-dimensional metric corresponding to (I5.39P 

are, 

9i+j. = Sm+n,o , 9i+j+ = / ^ is:(X(a))e*('"+'')" , gt^j^ = 5ij5m+n,o , (5.47) 

where the infinite-dimensional spacetime index is divided in the following way: i = 
{i+,i-,i±) such that, 

i+ = {+,m}, z_ = {-,m}, i± = {I,m}. (5.48) 



^•^This argument, however, will rely on the scalar expectation value of the algebra in ()4.27p . and not 
operator equation. 
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The only non-trivial components of the Ricci tensor are (x) (the vector sign referring 
to the transverse indices i±) which is related to i?++(X) in f l5.40p according to f l4.29p . 
Let us now go back to the last equation in (]4.27p . By going to the position space repre- 
sentation, integrating by parts and using the shift property fl2.10p one can show that the 
Ricci-term is proportional to, 

J dw x*'^''+\nia'+'niJ = Jdx x'9^^^'''-dk'_{rk^ij^^~')i^ , (5.49) 

where on the right hand side we have evaluated the term for the pp-wave. This vanishes 
as the quantity inside the round brackets is independent of x*- . 
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A Some technical details regarding the map 



Here we will discuss some technical details regarding the infinite-dimensional language 
described in section |2l In particular we will indicate how to get the results in (12. 6p and 



The steps leading to the GCT property for the metric in (12. 6 p cirG clS follows: 
da 



A/(A(a))A,''(X(a))G,.(A(a))e^(™+")'^ 



E 



da" 



^ K{X{a'))e~^'^''^' 
Zn 



^ G,.(A(a))e 



i{r" +m+q' +n)a 
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E 

r,q 



27r 



= A/(J)A/(x)to(a;) , (A.50) 

where in the first step we have used the transformation of the metric tensor in physical 
spacetime. To go to the second step we first write: A^{X{a)) = <ji da" 5{a — a")JS.^{X{a")) 

and JS.J^{X{a)) = <j) da' 6{a — a')AJ^{X(a')), then we write each of the delta functions 
6{a — a") and 6{a — a') as infinite sum of phases as indicated in eq. fl2.9p such that the 
summation indices are r" and q' respectively. Finally we rearrange the exponential fac- 
tors suitably. In the third step we have changed the summation indices from r" and q' to 
r = r" + m and q = q' + n respectively. The tensorial property of a^{x) in eg. (12. 6 p can 
also be established in a similar way. 

To prove the general rule in (12.81) let us first consider = 0, in which case the general 
form of Uj^Jjl'.'.'.{x) is a contraction of various factors involving derivatives of metric and its 
inverse. It can also have factors of a*(x), but we will consider them later. The second 
defining relation in (12. 4p itself is the simplest example of this kind. This relation ensures 
that, 

g'^{x) = <f— G^'^(X(a))e~^('"+")" , (A.51) 
J 2tx 



which also has the form (12. 8p . is the inverse metric: 

= / ^ / ^G,,iXia))G-'^{X{a'))e^(^'^-''-'h7rd{a - a') , 

= S;5l,, = i, (A.52) 

where all the above steps are obvious. We now notice the following two properties of 
dMl): 

1. If v^'''{x) and wl',,{x) satisfy (12. 8p with worldsheet counterparts Vf, "{X{a)) and 
W^I..{X{a)) respectively, then v^'.'.'{x)wl'..{^) ^Iso satisfies ( 12. 8p with the worldsheet 
counterpart given by V^."'{X{a))W^:..{X{a)). Here the ellipses appearing as super- 
scripts and subscripts in v and V indicate any number of infinite-dimensional and 
the corresponding physical spacetime indices respectively. 
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2. If satisfies (12. 8 p with its worldsheet counterpart Vw {X (a)) , then diV'.'.'.{x) also 

satisfies (12.81) with the worldsheet counterpart given by (9^V.; (X(cr)). Here also the 
ellipses play similar role as before. 

The first property is easy to establish using the manipulations leading to (lA.Sip . The 
second one can be proved as follows: 



/ S / ^ 5.K-.-(X(a'))e— +^( -)'^'27r<5(a - a') , 

/^a^y;.-(X(a))e^(-+->, (A.53) 
J Ztx 



where ■ ■ ■ in the phase is the appropriate sum of indices that, combined with the physical 
spacetime indices on V , give rise to the infinite-dimensional spacetime indices on v. In 
the first two steps of (IA.53P we have used the following results, 

To justify these results one may first Fourier expand: X^'i^a) = X/^e*""". Then treat 

the set of all string modes {X/^} and the set of all functions {X^(cr)} as two sets of 
orthonormal and complete basis for the string configurations. Using the first equation in 
(12. 4 p we identify: = X/^ and take the orthogonality condition for these modes as: 

djX^ = ^ = ^u^rn,n = S] . (A.55) 

The results in (IA.54p then follow from the above mode expansion and this orthogonality 
condition. Using the fact that the second equation of (12. 4 p and flA.Sip are of the form 



(12. 8 p and the two properties below eq. (lA.Sip one can argue that (12. 8 p holds true for X = 
if M*2j2---('^) independent of a*(x). To incorporate the a*(x) dependence we notice that 
the general form in which it can appear in uY/j^^'.'.'.{x) is as follows: 

where t'*2j2---fcifc2 - (''') independent of a{x) and satisfies (12.80 with V^V2- kik2---("'^(^)) 
worldsheet counterpart. Then using the last equation of (12.40 one can show that m'^jv'X^) 
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satisfies (El]) with V^';V2---KiK2-(^(cr))^^"''(o")^^'''(o") ■ ■ ■ as its worldsheet counterpart. 
This proves (ES]) for = 0. 

For 7^ 0, f^i2i2--'(^) contains infinite-dimensional traces. Each such trace is in- 
terpreted to give a factor of 27r5(0) in the worldsheet language. To see what exactly 
we mean by this formal statement let us consider, for example, Vijk...{x) which satis- 
fies (12. 8p for = with its worldsheet counterpart V^y,^...{X{a)). Then a single trace 
Uk...{x) = g'^{x)vijk-{x) is given by, 



27r J 2% 



Uk-{x) = 

^ / ^ [2vr5(a-a')]^G'^''(X(a))V,.....(^K))e^^'^+-)'^' 

ZTT J ZTT 

= 27r5(0)/^/7_(X(a))e^(^+->', 

J ZTT 

where U^...{X) = G^'^(X) ^^...(X). 



(A.57) 



B Classical Virasoro algebra in infinite-dimensional 
language 

As we know, GCT is a point canonical transformation and therefore it should be possible 
to write classical Poisson brackets in a manifestly covariant form. Here we will discuss 
the results in infinite-dimensional language. Poisson bracket between any two dynamical 
quantities A{x,p) and B{x,p) is given by: 



{A5} = E 



OA dB dB OA 



dx^ dpi dx^ dpi 



(B.58) 



Below we will derive the classical algebra satisfied by the generators in (13.14p and show 
that the known result is obtained. The aim of this appendix is to show how the argument 
goes in the infinite-dimensional language in a manifestly covariant manner. 
The algebra that we wish to compute is given by. 



{L(,),L(j)} 
{L(i),L(j)} 
{L(,),L(j)} 



16 
1 

16 
1 

16 



rpZZ (rpKZ 



dKi) 



zz 



KV 
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(B.59) 

where, 

The terms T^-)(j) and T^)[j-) have not been included in eqs. (]B.59P as they can be easily 
shown to vanish. 

Let us consider the first term in eqs. flB.59p . It is straightforward to show: 

r(5f .) = 4(a,a^'+^a'=+^p,, -^^J). (B.61) 
This can also be written in a covariant form: 

T^)l) = 4(V,a^'+V^+V - ^ ^ j) , (B.62) 

where Vj is the covariant derivative in infinite-dimensional spacetimj"]. The reason that 
the expressions in (lB.6ip and (1B.62P are same is as follows. The connection term coming 
from the covariant derivative does not contain any derivative of a{x) and therefore is 
symmetric in i and j due to the shift property as given by the first equation in fl2.10p . 
Clearly this term drops out because of the anti-symmetrization in i and j. The expression 
of 7"^f)fj); however, that we would like to have for calculating the Virasoro algebra is as 
follows: 

^(1) = 2z(^-j)^(,+,) , (B.66) 



^^In worldsheet language Vi can be written as 

da 



2^ e™'^I?XM(.) , (B.63) 

where 'Dxi^(a-) is the functional covariant derivative which acts on a vector, for example, in the following 
way: 

2?x^M^^(^(^')) = ^^^^'^(^('^')) + 2'^'^('^ - <^')rL{X{'j))V-{X{a')) , (B.64) 

where r(,'^ (X) are the Christoffel symbols in physical spacetime whose expressions can be read out from 
those of jjj^{x) in (I3.21[) following the rules in (|2.7|) . It can be explicitly checked that the derivative in 
()B.64p transforms covariantly under GCT: 

Vx,.^,)V'^{X'{a')) - A/(X(a))A^,(X(a'))I?xpM^^'^(^(a')) ■ (B.65) 
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which can be obtained simply by using (12. lip in flB.61|) . 

For the other T^f^^-^'s the analogues of eq.( ]B.61l) are given by: 



rpKV 
rpZV 



-2g'''+%{9kn'a''a'+^)pi , 



-2a''+'dki9ii'a'a' 



(B.67) 



Using the fact that the metric is covariantly constant, such expressions can be given the 
following covariant forms: 



rpKZ 
rpKV 



T, 



zv 

m) 



(B.68) 



However, we need the symmetric and anti-symmetric components of the above results to 
use in eqs. (]B.59p . The anti-symmetric components are given by: 



rpKZ 




= Ai{i 




rpKV 




= 2i{i 




rpZV 




= 4i{i 





(B.69) 

which can be derived following the same way as (1B.66P was found. The symmetric com- 
ponents, on the other hand, are as follows: 



(B.70) 



To derive the first result above we first use (12. lip and the shift symmetry (I2.10p in the 
first equation of flB.67p to write: 



l+i+jV 



l.l' 



PlPl' 



Then we use the following identit 



(B.71) 



(B.74) 



^^To derive (|B.74p we first use the map ([^ to write: 



i{m-2+n2 + ■ ■ ■)cr—i{q+mi+ni+- ■ ■)o 



(B.72) 
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to arrive at the first equation in flB.70|) . Similarly, the second equation in flB.70|) can be 
derived by first using (12. lip and the shift symmetry fl2.10p in the last equation of ( 1B.67P 
to arrive at: 



IM 



WW 



+ + 1' - i - j)gii>^i^j aiai> . (B.75) 



Then using the identity flB.74p one shows that the right hand side of the above equation 
vanishes. 

Finally, one uses the results f lB.66p . f lB.69P and flB.70P in equations f lB.59P to establish 
the classical Virasoro algebra: 



{L(i),L(j)} 
{L(i),L(j)} 
{L(i),L(j)} 



. 



(B.76) 



C Derivation of DeWitt- Virasoro algebra 



Here we will prove the results in fl4.27[ 14.280 . To proceed with the computation we will 
first introduce certain notations. The analogues of equations in flB.59P in the present case 
are given by. 



x([-^W'^(j)])V' 



1 



X 



([L(j),L(j)])^ 



(C.77) 



Then using dX^^d^ — d and finally integrating by parts one gets: 

a'^^dkulX::.{x) - + TOi + m + •••)- (ma + 712 + •••} 



da 



[27r,5(0)]''' i — [/Mi^i;;;(X((7))e^(™^+"=^+---)''-*('?+™i+"i+---''" , (B.73) 



which, in the infinite-dimensional language, reads (|B.74p . 
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where ■ = (x| ■ ■ ■ |x) and being two arbitrary spin zero states. The operator 
"^wfi) given by the quantum version of ( IB. 601) : 

^m) = [^W' Ai)] ' (C.78) 

where and V{i) are defined in equations (I3.25p . 

Below we will compute the various expectation values that appear on the right hand 
sides of eqs. flC.77p . Such calculations are done by using the following basic results exten- 
sively: 

= -a'^Vl^x*{x) , (C.79) 
= -a'^Wl^^{x) , (C.80) 
= ia'VkX'{x)a^^\x) , (C.81) 
= -ta'Vk{a''^'{x)ifj{x)) , (C.82) 
= 2a'V,{r{x)a'^\x)) , (C.83) 
= -za'a'+'\x)Vkij{x) , (C.84) 

where V^j) = g'^'^^'^' {x)'V k' is the shifted Laplace-Beltrami operator. These equations 
can be easily derived by using the basic definitions in fl3.23p and (13.190 . 
Let us first consider ^(T(^g))^. Using flUTOj) and fin:80D one finds: 

^{Kii)Ku))^ = «"/ dw V?,)X*V?^.)V^ = a" I dw X^^li^^l)^ , (C.85) 

where in the last step we have used integrations by parts to move the derivatives from 
X* to %p. Using the shift property in fl2.10p one concludes right away that the above 
expression is symmetric in i and j and therefore the commutator xC^li)^)) i> ^^^st vanish. 
However, we would like to compute it by explicitly calculating the commutator of the 
shifted Laplace-Beltrami operators without imposing the shift property until the very 
end. This yields: 

= , (C.86) 

where we have used the fact that commutator of covariant derivatives acting on a scalar 
vanishes, but yields the following for a vector V, 

[V,,V,]V' = rf,^V' , (C.87) 
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where r^^^- is the Riemann tensor of the infinite-dimensional spacetime. Notice the appear- 
ance of the Ricci tensor rjj = rf^^ in ( ]C.86I) . We will find such contributions many times 
in the rest of the computations. Such terms drop out of the final result in the present 
computation because of the anti-symmetrization in i and j. However, as we will see, in 
certain other computations they will survive. 
We will now consider the following term: 

Using (]C.8ip and (1C.82P one may write: 



X 

= -a" 



J dw {VkVix^a'+'a'+^ij + VfcX*Via'=+V'+^'^) . (C.89) 



Anti-symmetrizing the above expression and using (12. lip and the shift property one finally 
finds, 

xiTm'h = -{i - 3)0^ xk^l^^-,h ■ (C.90) 

Similarly, 

x^Tm))^ = -(^-jVx(^(t,))^ . (C.91) 
To compute the last term in (]C.88P we first derive: 

+VfcX*a'+' V;a^+V + x^Vfca'+^a'^+^V;^] . (C.92) 

Terms in the first line drop off when we anti-symmetrize between i and j. The final result 
can be written in the following form: 

x{T^m)^-^^ 3 = -(2-J>' x(^(i+i))^-a"(x(a''+'(5^)rfc/(^)«'^'(£))v-^^.?') > 
= -(^ x(^(i+j))^ , (C.93) 

where again the terms involving the Ricci tensor cancel. Accumulating all the results in 
(iggoD . dOOB and (1093]) one finally gets: 

x'^Tm))^ = -2(^-J>'x(^(.+,))^-«''(x(«''''(^)^fcK^)«'^'(a;))V'-^^.?■) . 

25 



-2{i-j)a' x{Z{i+j))i> 



(C.94) 



Next we proceed to compute the symmetric and anti-symmetric parts of T^^fj)- Fol- 



lowing similar manipulations as above we first arrive at: 



(C.95) 



Then we manipulate the last two terms in a certain way. Evaluating the covariant deriva- 
tive on a in the second term one gets: 



where we have written the summation symbol explicitly in the first term because of the 
k dependent pre-factor. The connection term is manipulated in the following way: 



111 



[Using shift property f l2.10p ] 



Using: y,g'' = d,g'^ + ^^r,g'' + i.-.g'' = . 



-::T.ik + l + t+j)g''-''-'''^kVix*i^ , 

k I 

[Using (Ell]).] 



k 



(C.97) 



Substituting the result flC.97p in f lC.96P one writes for the second term in (10.95^ : 



(C.98) 



Substituting this results into flC.95P and evaluating the covariant derivative on a in the 
last term of the same one finally gets: 
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(C.99) 



A similar manipulation gives the following result: 



13 



Combining the results f lC.99P and f IC.lOOP we get, 



(C.lOO) 



I'k+i+j 



We further manipulate the last term in the following way: 



(C.lOl) 



dvg'+'-'''VkX*^i^ , 
-i Y,{2k + i + i)VfcX*V'=+'+^> . (C.102) 



Substituting this result into ( IC.lOip one finally obtains: 



,1+0 



k+ii 



(C.103) 



Notice that the first term is ant i- symmetric in i and j, whereas the rest is symmetric 
because of the shift property. Therefore, 



(C.104) 



(C.105) 



The anti-symmetric part of x(-^(^(j))v' straightforward to compute leading to the 
following result: 



(C.106) 



27 



Finally, we need to compute xi'^HUi))^'- ^^^^ establish the following relations: 



ximi))^ = x{^)(J))i> = -(^ - i)"' x{%+j))i' ' (C.107) 
such that we have the following results for the desired quantities: 

xi^m))^ - ^ ^ i = -4(« - j)a' x(V(i+i))^ , 

x(f(f^.))^ + z^j = 0. (C.108) 

In order to establish ( IC.lOTp let us consider, for example, x{'^{i)(j))^- straightforward 
to show: 



nZRV\ 



-2ia' / dw 



I 

L fc 



(g.io9) 



where in the second step we have evaluated the covariant derivative. We manipulate the 
connection term as follows: 



Using: a''+'a^'+^ = a''+'a'=+-'' 
-a%g,i,a'+V+^X*i^ , 

Using: V-^gki' = dj^gw - (llj^gw + lygik) = . 



^ k,k' 



(C.llO) 



where in the last step we have used (IB. 741) . Using the above result in (1C.109I1 one gets: 

x(^W(]))^ = Y.ik-k')a'fdwx*gkk'a'+'a''+^^, 
k,k' •' 

-{i- i)a' j dw x*gk^ik'^ja''a'''ij + ^(fc - k')a' J dw x* Qk-ik'-ja^of'' ^ , 

(C.lll) 



k,k' 



where in the second step we have shifted the summation variables k ^ k—i and k' — t- k'—j. 
The second term in the last equation vanishes as the integrand is symmetric under k ^ k'. 
The first term gives the desired result. The result for x('^§)lj))i> fIC.lOTp can also be 
established using similar arguments. 

Substituting the results f lClM [RM ICIIM KllOSi IClTM 1(110811 in flClTTl) one finally 
establishes the results ( 14.27^ . 
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